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a b s t r a c t

The production of liquid-gas mixtures with desired properties still places high demands 

on process technology and is usually realized in bubble columns. The physical calculation 

models used have individual dimensionless factors which, depending on the application, 

are only valid for small ranges consisting of flow velocity, nozzle geometry and test setup. 

An iterative but time-consuming design of such dispersion processes is used in industry 

for producing a liquid-gas mixture according to desired requirements. In the present in

vestigation, we accelerate the necessary design loops by setting up a physical model, 

which consists of several subsystems that are enriched by dedicated experiments to 

realize liquid-gas dispersions with low volume fraction and small air bubble diameters in 

oil. Our approach allows the extraction of individual dimensionless factors from maps of 

the introduced subsystems. These maps allow for targeted corrective measures of a 

production process for keeping the quality. The calculation-based approach avoids the 

need for performing iterative design loops. Overall, this approach supports the controlled 

generation of liquid-gas mixtures.

© 2023 The Authors. Published by Elsevier Ltd on behalf of Institution of Chemical 

Engineers. This is an open access article under the CC BY license (http://creative

commons.org/licenses/by/4.0/).

1. Introduction

The production of liquid-gas mixtures with desired require
ments places high demands on process technology and can 
be found in sectors such as the chemical, plastics, auto
motive and food industries (Spille et al., 2020; Rama Rao 
et al., 2007; Hirschberg et al., 2009; Theron and Sauze, 2011; 

Hafner et al., 2022). In these industries, liquids are inter
spersed with gases to produce foams and dispersions, metal- 
gas dispersions, medicines or even foods (Hafner et al., 2022; 
Bals, 2002; Hafner et al., 2021; Hussein et al., 2014). The 
manufactured products have requirements about their stiff
ness, strength and haptics, which must be produced in a 
targeted, consistent and reproducible manner. These re
quirements are achieved by the desired gas content, which 
can be defined by a so-called dispersion spectrum classified 
by the size of the gas bubbles and their frequency of occur
rence. Various scientific studies have already been carried 
out (Hafner et al., 2022; Bals, 2002; McClure et al., 2016; 
Rollbusch et al., 2015; Voit et al., 1987; Terasaka et al., 1999; 
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Durst and Beer, 1969; Hussein et al., 2017; Shew et al., 2006) 
for generating, calculating and measuring the sizes of the gas 
bubbles and their frequency of occurrence.

A physical model is set up in this work for producing a 
liquid-gas mixture according to desired requirements con
cerning the gas bubble size and its frequency. The physical 
model consists of individual and interlinked calculation 
models. Some of these models possess several dimensionless 
factors and are known only for a specific viscosity, small flow 
velocity ranges or a single phase pairing. In the original lit
erature in which the calculation models used were derived, 
the dimensionless factors were determined iteratively to 
obtain a correlation between the calculated result and the 
measurements for exclusively one or a few process points 
(Hafner et al., 2021; McClure et al., 2016; Rollbusch et al., 2015; 
Voit et al., 1987; Shew et al., 2006). The interactions of in
dividual changes of a process variable in the corresponding 
calculation models have not yet been investigated in this 
manner according to the current state–of-the-art.

To extend the scope of the calculation models and thus to 
be able to analyse interactions, a characteristic map was 
created for each dimensionless factor as a function of the 
dominant process parameters. The results and the estab
lished characteristic maps enable a targeted design of bubble 
columns to produce liquid-gas mixtures. These maps allow 
for the calculation of the liquid-gas mixture in terms of the 
gas bubble size and size distribution as a function of the 
selected process parameters. These maps avoid or reduce 
iteration loops in the design process and allow for a targeted 
adjustment of the process parameters in case of deviations 
from the desired product quality. In this case liquid-gas 
mixtures with gas contents between 0.2% and 2.2% with 
average bubble diameters between 170 µm and 200 µm are 
produced and calculated in a very accurate manner.

2. State of the art

In industry, liquid-gas mixtures are often produced in re
circulating systems with a storage tank from which produc
tion plants are supplied. The liquid-gas mixtures produced in 
the storage tanks can be classified by their percentage gas 
content and the size of the gas bubbles they contain (Bals, 
2002; Hafner et al., 2021; Rollbusch et al., 2015; Durst and 
Beer, 1969). By plotting the gas bubble size and its frequency, 
a so-called dispersion spectrum can be compiled (Hafner 
et al., 2021). The dispersion spectrum that occurs in a system 
depends on the mechanical structure of the system, the 
physical properties of the liquid and the gas, the phase 
parameters and the respective process variables. A physical 
model was set up for generating and regulating the desired 
dispersions.

Nomenclature

Symbols used
A factor for the stokes resistance [ ].
B factor [ ].
Cn factor [n].
D diameter of the static mixer [m].
dB bubble diameter [m].
dp pore diameter [m].
d* dimensionless bubble diameter [ ].
d ( ) average bubble diameter after the static 

mixer [m].
FA buoyancy force [N].
FG weight force [N].
FT inertia force [N].
F viscosity force [N].
F surface tension force [N].
Fr Froude number [ ].
g gravitation ms[ ]2 .
hk height of the liquid in the oil tank [m].
K factor [ ].
k factor for the Stokes resistance [ ].
KL characteristic parameter for a static mixer in 

laminar conditions [ ].
KP characteristic parameter for a static 

mixer [ ].
KT characteristic parameter for a static mixer in 

turbulent conditions [ ].
L length [m].
lME length of a mixing element [m].
lSM length of the static mixer [m].
M mass [m].
m number of variables [ ].
n number of base units [ ].
ReD Reynoldsnumber based on the tube inner 

diameter [ ].
T time s[ ].
trise rise time of a bubble s[ ].
u velocity [m s ]1 .
u a

L
( ) bubble rise velocity by Levich [m s ]1 .

u a
St
( ) bubble rise velocity by Stokes [m s ]1 .

u bubble rise velocity [m s ]1 .
Vd volume flow of the dispersed phase s[m ]3 1 .
Vd in dispersed volume flow introduced in the 

system s[m ]3 1 .
Vdisp in initiated volume of the dispersed 

phase s[m ]3 1 .
Vdisp out outgassing volume of the dispersed 

phase s[m ]3 1 .
Vdisp Tank volume of the dispersed phase in the 

tank s[m ]3 1 .
Vi viscosity number [ ].
Vk volume flow of the continuous phase s[m ]3 1 .
Vx normalized air volume flow [ ].
Vy normalized oil volume flow [ ].
V0 void volume of the static mixer [m ]3 .
wb velocity of the bubble [ms ]1 .
We Weber number [ ].
w0 velocity of the gas [ms ]1 .

Greek letters
pH pressure drop according to Hirschberg 

et al. Pa[ ].
pR pressure drop according to Rauline et al. [Pa].

pS pressure drop according to Streiff et al. [Pa].

Avg average energy dissipation rate W kg[ ]1 .
dynamic viscosity Pa s[ ].
variable [ ].

Fl density of the fluid [kgm ]3 .

G density of the gas [kgm ]3 .
critical parameter [ ].
surface tension kgs[ ]2 .

d average gas content [ ].

d sys dispersed fraction in the total system [ ].
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The physical model for calculation of the dispersion 
generation consists of three subsystems. The subsystems are 
the gas injection (Subsystem 1), the bubble adjustment 
(Subsystem 2) and a storage tank (Subsystem 3). In the sto
rage tank, the gas content may outgas from the system. If the 
gas does not outgas fast enough, the liquid-gas mixture cir
culates through the closed loop, passes Subsystems 1 and 2 
and gains additional gas content.

For the prediction of the long-term behaviour of the 
system, it is necessary to know the size of the gas bubbles. The 
size of the injected gas bubbles is calculated in Subsystem 1. 
This size depends significantly on the number, orientation 
and size of the gas injection points, the dispersion elements as 
well as the phase parameters (Hafner et al., 2022; Bals, 2002; 
Hafner et al., 2021; McClure et al., 2016; Durst and Beer, 1969). 
Subsequently, the gas bubbles are broken up in Subsystem 2. 
A static mixer, as commonly used with different geometries in 
industry and science (Spille et al., 2020; Hirschberg et al., 2009; 
Theron and Sauze, 2011), is implemented to adjust the gas 
bubbles to a desired size and size distribution. The degree of 
comminution depends largely on the size of the gas bubbles in 
front of the static mixer and the speed at which the gas 
bubbles are conveyed through the static mixer as well as the 
geometry of the static mixer (Rama Rao et al., 2007; Hirschberg 
et al., 2009; Theron and Sauze, 2011). Subsystem 3 is a storage 
tank into which the liquid-gas mixture is transported. The 
quantity of gas in the storage tank is determined by the rising 
speed of the gas bubbles contained in the liquid-gas mixture 
and by the distance the gas bubbles need to rise before out
gassing at the surface. For this purpose, it is necessary to 
know the size of the gas bubbles in the storage tank and the 
quantity of gas that is continuously fed into or outgas for each 
gas bubble size (Voit et al., 1987; Shew et al., 2006; Clift et al., 
1978; Koebe, 2004; Peebles and Garber, 1953).

The mutual interaction between these three subsystems 
determines the gas concentration in the storage tank, i.e. the 
saturation limit of the liquid-gas mixture at constant process 
conditions as well as the achievable bubble size distribution. 
The derivation of the subsystems is described in detail below.

2.1. Subsystem 1: Injection of a targeted gas bubble size

Various studies have already been carried out which, among 
other things, have investigated the influence of different 
nozzle geometries and arrangements, phase pairings and the 
orientations of the components involved on the gas bubble 
diameters injected into liquids (Hafner et al., 2022; Bals, 2002; 
Hafner et al., 2021; Rollbusch et al., 2015; Voit et al., 1987; 
Durst and Beer, 1969; Fainerman and Miller, 2004). In this 
context, Kumar and Kuloor (Kumar and Kuloor, 1970) divided 
the process of bubble formation into a two-stage process, 
distinguishing between the so-called expansion and the de
tachment phase. During the expansion phase, the forming 
gas bubble is constantly connected to the nozzle, the dis
persion element, and fills with inflowing gas as it increases 
its size. The forces acting on a forming gas bubble are shown 
in Fig. 1. The forces include the Buoyancy force FA, the weight 
force FG, the viscosity force F , the inertia force FT and the 
surface tension force F . The magnitude and direction of the 
forces shown is time-dependent and, therefore, dependent 
on the current expansion phase. The forces are divided into 
stabilizing and destabilizing forces. By increasing the gas 
bubble diameter, the ratio of these forces changes. If the 
destabilizing forces become larger than the stabilizing forces, 

the gas bubble begins to rise. As the bubble rises, a so-called 
gas bubble tube is formed through which the gas bubble is 
filled even further during its rise. As the gas bubble fills, its 
Buoyancy force increases and the gas bubble accelerates in 
the direction of this force, while the gas bubble tube gains 
length but loses diameter. Finally, the gas bubble tube se
parates from the dispersion element and the gas bubble 
formed can rise as a function of the acting frictional, viscous 
and upward forces (Kumar and Kuloor, 1970).

Two bubble formation mechanisms exist as depicted in 
Fig. 2: the bubble gassing and the jet gassing (Bals, 2002; 
Brauer, 1971). Theses mechanisms are separated by a transi
tion zone. Different threshold values are mentioned in the 
literature, for example (Bals, 2002; Brauer, 1971) state a Weber 
number of 1,3. The Weber number compares the destabilizing 
inertial force acting on an gas bubble with the stabilizing 
surface tension during a relative motion of the gas bubble.

Brauer as well as Bothe and Schlüter have defined the 
transition on the basis of the critical parameter Φ (Brauer, 
1971; Bothe and Schlüter, 2013; Bothe et al., 2017). Whereby, 
depending on the media combination used, it must be in
vestigated for which value of the critical parameter Φ the 
transition occurs (Hafner et al., 2021). The following para
meters were identified so far for predicting the transition

= + = =We
Fr

We
w d

Fr
w

gd
1 , ,

( )
.B G b Fl

Fl G B

2
0
2 2

(1) 

Bothe et al (Bothe et al., 2017). defined the dimensionless 
gas bubble diameter

=d
d

* b

d

g

3 p

Fl
3

(2) 

for a media-independent comparability of the bubble sizes.

2.2. Subsystem 2: Calculation of gas bubble sizes 
according to the static mixer

The gas bubbles introduced into the system are passed 
through a static mixer (Subsystem 2) where they are split up 
depending on the acting forces. The use of static mixers can 
be found in many areas of industry. They are required in the 
cosmetics industry, food industry, plastics industry as well as 
in many other industries where uniformly mixed media 
combinations or also broken up particles such as drops or 
bubbles in flows must be produced. Depending on the ap
plication, the static mixers are used for mixing liquid-liquid, 
solid-liquid and liquid-gas mixtures (Spille et al., 2020; Rama 

Fig. 1 – Forces acting on a forming gas bubble at an upward 
directed nozzle. 
Based on Hafner et al. (2021).
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Rao et al., 2007; Hirschberg et al., 2009; Theron and Sauze, 
2011). The so-called mixing quality of different media in
dicates how evenly the mixed media are distributed across 
the cross-section of the flow. The so-called dispersion spec
trum, the bubble size distribution, indicates how large the 
particles are after comminution by the static mixer. The 
mixing quality as well as the particle size after the static 
mixer depend on the geometry and the process conditions. 
The geometry is determined by the type of static mixer, the 
installation position as well as the dimensioning and the 
number of individual mixing elements. There are different 
types of static mixers that differ in their geometry and thus 
in the mixing quality. In the work carried out here, a Sulzer 
SMX-plus mixer with a diameter of 25 mm is used.

An SMX-plus mixer element consists of several crossed 
rods arranged at an angle of 45° to the tube axis, see Fig. 3 on 
the right. Depending on the diameter of the tube used, the 
number of crossed rods varies. A static mixer of length lSM

consists of several mixer elements of length lME twisted by 
90° in the axial direction, which are firmly connected to each 
other, see Fig. 3 on the left. The number of mixer elements 
arranged in series is increased in order to achieve a better 
mixing quality and to be able to generate smaller bubbles. 
This increases the hydraulic resistance of the flow at this 
point, which leads to a measurable pressure drop between 
the inlet and the outlet of the static mixer. This pressure 
drop is sometimes used as a reference for the mixing quality 
of the static mixer. The pressure drop has been estimated in 
the literature for different types of static mixers and different 
media combinations (Hirschberg et al., 2009; Theron and 

Sauze, 2011; Al Taweel et al., 2013; Lobry et al., 2011). 
Hirschberg et al. (2009) investigated which geometry changes 
reduce the pressure drop without reducing the mixing 
quality. They calculated the specific pressure drop across the 
static mixer as a function of the factor KL, the length LSM and 
the diameter D. KL depends on the number of crossed bars of 
the static mixer. The pressure drop pH according to 
Hirschberg is calculated as

=p
K u L

Re DH
L SM

D

2

(3) 

Rama Rao et al. (2007) reviewed the pressure drop calcu
lations in the literature. Rauline et al. (1998) calculated the 
pressure drop of the static mixer using the factor KP as a 
function of dynamic viscosity and velocity u

=p
K uL

DR
P SM

2 (4) 

Streiff et al. (1999) proposed an expression that combines 
the contributions of the turbulent (KT) and laminar flow (KL)

= +p
u L

D
K

Re
K ,S

SM L

D
T

2

(5) 

which covers a larger range of static mixers. In all definitions, 
the amount of factors used to adjust the KL, Kp or KL and KT

factor depends on the geometry of the static mixer as well as 
the pipe into which the mixer is placed.

Finally, to calculate the particle size after the static mixer, 
the calculation of the dissipated energy is necessary. This 
can be calculated by the pressure loss over the length of the 

Fig. 2 – Difference between bubble gassing and jet gassing and the transition area. 
Based on Hafner et al. (2021).

Fig. 3 – Illustration of a static mixer type SMX-plus of the company Sulzer. 
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static mixer. The dissipated energy represents the energy 
available to enable mixing or comminution of the media used 
Al Taweel et al. (2013) has calculated the dissipated energy 
rate as a function of the length of the static mixer as follows.

= u p
L

Avg
SM (6) 

Theron and Sauze (2011) compared different calculation 
models of static mixers for the comminution of gas bubbles. 
A dimensional analysis according to Buckingham's Pi The
orem identified which of the presented calculation models is 
physically plausible and has therefore the potential of being 
applied in a broadband physical model. This methodology 
helps defining dimensionless parameters without knowing 
the physical equation. In this way m dimensioned quantities 
transform into m n dimensionless quantities. Here, n is the 
number of SI-based units used to compose the m basic 
quantities. When performing the Pi Theorem, it is critical to 
guess all the quantities involved in the physical problem. 
Missed quantities may lead to plausible results but are 
usually not valid for the general case. The calculation model 
established by Theron and Sauze (2011); Streiff et al. (1999)
for calculating the particle size after a static mixer in SMV, 
SMX and SMXL design is shown in the present paper. 
Hirschberg et al. (2009) extended this calculation for turbu
lent flows of an oil-water-mixture for the geometry of the 
SMX-plus mixer and described as applicable by a comparison 
with tests (Hirschberg et al., 2009; Theron and Sauze, 2011). 
According to (Streiff et al., 1999), the basic variables that in
fluence the particle size after the static mixer are the surface 
tension , the mass-specific energy dissipation rate , the 
density and the gas content d. The particle diameter after 
the static mixer is calculated as

= + +
d C k

BV We
( ) (1 )

(1 )
2

.n d
i c

c

c

d
Avg

0,6 0,6 0,1
0,4

(7) 

This calculation rule consists of the basic units mass, 
length and time ( =n 3). The dimensions of all variables in Eq. 
(7) are listed in Table 1:

With regard to Table 1, the particle diameter can be de
scribed by the following function:

=d f Cn k B V We( , , , , , , , , , )B i c d Avg (8) 

The number of variables is =m 11 and the number of base 
units is =n 3. According to the Pi Theorem, the relation in Eq. 
(8) can be rewritten by by =m n 8 dimensionless quantities 
(Wang et al., 2016; Zohuri, 2017). Selecting , , Avgand dB as 
independent variables yields

= =
= =

= =

M L T M L T
M L T M L T

M L T M L T

dim
im

dim

x y z

x y z

Avg
x y z

1 2 2

1 3 0

0 3 2

1 1 1

2 2 2

3 3 3 (9) 

The determinant of the exponents confirms that the 
variables are indeed independent,

= =
x y z
x y z
x y z

1 2 2
1 3 0
0 3 2

4 0.
1 1 1

2 2 2

3 3 3 (10) 

Assuming a product approach

= d1 ,x
Avg
y z

B
1

(11) 

and the underlying basic dimensions M (mass), T (time) 
and L (length) of the chosen variables gives

= M
T

M
T

M
L

1 .
x y z1

2

2

3

1

3 (12) 

The unknown exponents must hold the relations

= = =x z y z x y,
3
2

,
2
3

.
(13) 

This set of equations possesses multiple solutions. We are 
looking for a solution with the lowest values for the ex
ponents. One solution is

= = =x y z0.6, 0.4, 0.6. (14) 

From Eqs.(11) and (14), the basic equation

= dB Avg
1 0.6 0.4 0.6 (15) 

is established. A comparison of the dimensional analysis in 
Eq. (15) with the calculation model established by Streiff et al. 
in Eq. (7) reveals that the very same exponents occur. This 
supports the usefulness of the prediction in Eq. (7) and the 
dimensionless factors used therein.

Further non-applicable attempts have been made by 
choosing independent variables as

= = +L M Tm x
Avg
y

c
z y z x y x y2 3 2 3

(16) 

and

= = +d L M Tn x
Avg
y

B
z y z x x y2 2 3

(17) 

where both Eq. (16) and eq. (17) have a dependency of the 
used variables proven by a determinant of the exponents 
equal to zero.

Experimental tests are carried out in the following for a 
validation of the finding in Eq. (15).

The calculation of Streiff et al. in Eq. (7) includes physical 
variables and process-specific dimensionless factors, which 
have been iteratively adapted to experiments in literature 
(Theron and Sauze, 2011; Streiff et al., 1999). These include 
the factors Cn, k and B, for which values were determined for 
different media combinations and flow regimes. The factor Vi

is the viscosity number and represents the influence of the 
viscosity of the dispersed phase on the dispersion. Due to the 
direct correlation between the viscosity number Vi and the 
factorB, the two factors are treated as the single factor BVi in 
the following. Wec is the critical Weber number. All factors Cn, 
k and BVi are therefore variables and change with variations 
of the process. For example, the viscosity of the mixture 
changes with a varying proportion of the disperse phase, 
which subsequently changes the critical Weber number and 
also the dissipation energy of the static mixer (Hirschberg 
et al., 2009; Lobry et al., 2011; Streiff et al., 1999). The factors 
Cn, k and BVi are constant at fixed process parameters 
V V,d kand T. The dependency of these process-dependent 
factors on the process parameters V V,d kand T are described 
as C V V T( , , )n d k , k V V T( , , )d k and BV V V T( , ,i d k ). This dependency 
has not been investigated in the literature so far.

The other factors ,d dSys
and V0 can be adapted to the 

existing situation with respect to media combination, flow 
regime, mixer geometry and temperature (Hu et al., 2020). 

Table 1 – Dimensions of variables in Eq. (7). 

Cn k B Vi We c d Avg dB

M 0 0 0 0 0 0 1 1 1 0 0
L 0 0 0 0 2 0 2 -3 -3 -3 1
T 0 0 0 0 -1 0 -2 0 0 2 0
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The factor d is the fraction of the dispersed phase in the 
static mixer and is determined by the dispersed fraction in 
the total system dSys

and the additional volume of the dis

persed phase introduced into the system as well as the void 
volume of the static mixer V0,

=
+

t
t V

V u
( )

( )
d

d din

0

Sys

(18) 

Depending on the size of the gas bubbles in the system, 
their ascent rate changes and thus also the saturation limit 
of the overall system.

2.3. Subsystem 3: Calculation of gas bubble rise velocity

The gas bubble rise velocity in liquids has already been dealt 
with in various scientific papers. The difference in densities 
between the mixed phases has a major influence. The rise 
velocity is described by Stokes' law for Reynolds numbers 
with Re 1.4 and gas bubble diameters with a diameter 
d 2mmB as follows (Koebe, 2004).

=u
g

d
1

18

( )
a
St L G

L
B( )
2

(19) 

In comparison, Levich (Koebe, 2004) assumed a boundary 
layer flow around the rising bubble, which leads to a reduc
tion of the Stokes resistance by a factor of two leading to

=u
g

d
1

36

( )
a
L L G

L
B( )
2

(20) 

Further iterative correlations of the drag coefficient have 
been performed by other researchers based on these calcu
lations. For example, Clift et al., Peebles and Garber (Clift 
et al., 1978; Koebe, 2004; Peebles and Garber, 1953) found that 
the rate of ascent changesdepending on the magnitude of the 
forces acting on the bubble surface. This effect can be cap
tured best by adjusting the Stokes resistance. According to 
Talaia (2007) the Pi Theorem for the calculation of the bubble 
rise velocity for single bubbles in a bubble column was car
ried out and its parameters adapted to experiments of the 
media combination air and glycerine. The basic relation was 
established for the rise velocity of a single bubble in a liquid

=u k
g

d
( )L G

L
B
2

(21) 

was established for the rise velocity of a single bubble in a 
liquid (Koebe, 2004). All of the above calculation models re
present the sub-areas of an overall system that are used to 
calculate the dispersion that occurs with an gas bubble size. 
These were combined in the present work in a comprehen
sive calculation model and its parameters adjusted to mea
surement data from a test rig.

3. Materials and methods

The materials, the structure of the test rig used, the structure 
of the physical model and the tests carried out are described 
below. In particular, the procedure and methodology for 
adapting the calculation models used are discussed.

3.1. Testrig

To produce and measure a desired dispersion for automotive 
hydraulics test purposes, a test rig was set up that can aerate 
liquid with compressed air. In automotive hydraulics 

applications, oil-air dispersions with air volume fractions of 
up to 5% with a very precisely defined average air bubble size 
are required for testing transmissions and pumps in order to 
perform acoustic adjustments, efficiency analyses and other 
investigations. The test rig contains of an oil tank with a 
capacity of 100 l. Two separate circuits, the aeration circuit 
(A) and the measuring circuit (B) are fed from the oil tank. 
The measuring circuit is implemented for measuring the 
dispersion spectrum in the storage tank and avoiding coa
lescence or dissipation effects caused by flow-induced pres
sure gradients in the aeration circuit. The two circuits as well 
as the storage tank are shown in Fig. 4.

The aeration circuit is fed by a controlled volume flow 
from the oil tank. A gas injection point is located in the 
aeration circuit (see A1 in Fig. 4). The gas injection point 
consists of a steel cylinder inserted at right angle to the di
rection of flow, on which a hole with a diameter of 

=d 0.2mmN is drilled centrally in the flow direction. A regu
lated compressed air supply is connected to the steel cy
linder, through which a regulated air volume flow is 
introduced into the liquid flow at a desired pressure. The 
pressure is measured by pressure sensors directly within the 
steel cylinder and upstream or downstream of the steel cy
linder within the liquid stream. The diameter of the pipe 
conveying liquid is =d 27mmt , the diameter of the steel cy
linder introduced transversely to the flow is 4mm. The 
pumped liquid is oil, the introduced gas is air.

A Sulzer SMX-plus static mixer (see A2 in Fig. 4) is in
troduced vertically in flow direction from the steel cylinder to 
adjust the gas bubbles already present in the stream and the 
newly introduced air bubbles. After the oil-air mixture has been 
conveyed through the static mixer, it enters the oil tank again 
from where the aeration circuit (see A in Fig. 4) is fed again.

The measuring circuit (B) is operated at a constant volume 
flow from the tank. A specially developed optical measuring 
system is installed in the measuring circuit, which measures 
the dispersion in the storage tank with regard to the dis
persion spectrum it contains. The measuring system consists 
of a sight glass through which the foamed oil is conveyed. 
The sight glass consists of two plane-parallel glass plates 
with a plate spacing below 1 mm. The aerated oil is captured 
by an industrial camera and its recordings are evaluated by a 
specially developed evaluation algorithm in which gas 
bubble sizes of different sizes and shapes are classified, 
counted and evaluated by a multi-stage procedure as seen in 

Fig. 4 – The test rig with separate circuits: (A) aeration 
circuit, (B) measurement circuit.
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Fig. 5. The contours of the bubbles are detected and then 
equivalent circular diameter is calculated.

3.2. The physical model

To create a physical model, the previously presented calcu
lation models were linked in dependence on each other. The 
linking of the subsystem was carried out using Matlab/ 
Simulink. In the model created, the phase parameters den
sity and viscosity are output variables and defined as a 
function of temperature and ambient pressure. The process 
parameters oil flow rate, air flow rate and temperature are 
input variables and can be varied as desired. The phases used 
have the following physical characteristics: Table 2.

In the model set up, the gas bubble size at the outlet of the 
static mixer is calculated. The size of the gas bubbles created 
there is the input variable for calculating the average gas 
content in the storage tank. The gas saturation limit for the 
storage tank reaches its maximum when the volume of the 
disperse phase Vdispin

fed into the storage tank equals the 
volume of the disperse phase Vdispout

outgassing from the 
storage tank at time t by

=V t V t( ) ( ).disp dispout in (22) 

The outgassing volume of the disperse phase Vdispout
at 

time t is calculated by the volume of the disperse phase 
VdispTank

currently contained in the storage tank at the re
spective time t and the necessary rise time trise of an gas 
bubble with the diameter dB to the surface of the continuous 
phase by

=V t
V t

t d
( )

( )

( )
.disp

disp

rise B
out

Tank

(23) 

The time required for a gas bubble to rise to the surface of 
the continuous phase,

=t d
u

h
( )

( )
rise B

a

k d

( )

(24) 

depends on the gas bubble rise velocity u a( ) and level hk of the 
storage tank. The level height in turn varies with a changing 
gas saturation d of the supply tank.

As has been shown in many research papers, the rate at 
which a single bubble rises varies with the phase properties 
surrounding it (Shew et al., 2006; Clift et al., 1978; Koebe, 
2004; Peebles and Garber, 1953; John et al., 2006). The factor 
describing the surface forces acting on the gas bubble and the 
change of the velocity gradient at the gas bubble surface is, as 
shown before, the Stokes resistance (Shew et al., 2006). Since 
the forces acting on the surface of the gas bubble change 
with changing gas saturation and a variation in gas bubble 
sizes, the Stokes resistance is replaced by a variable that is 

determined iteratively depending on the selected process 
factors. The correlation

=u V V T A V V T
g

d( , , ) ( , , )
( )

a d k d k
L G

L
B( )
2

(25) 

follows for the rise speed of the gas bubble by using a pro
cess-specific factor A V V T( , , )d k for the Stokes resistance ac
cording to Eq. (22).

In the set up model 4 dimensionless factors occur that in
fluence the saturation limit, as well as the size of the gas 
bubbles introduced into the system. Among them are the fac
tors Cn, k, BVi, which describe the behaviour of the static mixer 
and the factor A, which represents the Stokes resistance of a 
rising gas bubble in the oil. For the factor k, a value depending 
on the type of static mixer is chosen in different reports. For the 
following calculations, the factor =k 1000 is chosen analogous 
to the assumptions of Theron and Sauze (2011). Further, it has 
been presented in scientific works that the factors Cn, A, BVi
change with changing phase properties (Spille et al., 2020; 
Hirschberg et al., 2009; Voit et al., 1987; Terasaka et al., 1999; 
Shew et al., 2006; Clift et al., 1978; Koebe, 2004; Peebles and 
Garber, 1953; Al Taweel et al., 2013; Lobry et al., 2011; John et al., 
2006). Therefore experiments were performed to be able to 
adjust the dimensionless factors as needed.

3.3. Tests performed

The tests performed were carried out with the test rig set up. 
Each measuring point is recorded after a run-in period of 
10 min. All measurement points shown are calculated mean 
values over a measurement period of one minute with a 
frame rate of 0.2 Hz. The experiments were repeated 10 times 
to ensure that the experiments are repeatable and the results 
are consistent. The maximum deviation of the measurement 
results of the mean air content is 0.8% with the mean de
viation between measurements being 0.1%. The maximum 
deviation of the measurement results of the mean gas bubble 
diameter is 1.2% with the mean deviation being 1.0%.

The presented tests differ with regard to the volume flow 
of the pumped oil and the volume flow of the introduced air. 
The tests carried out with results are shown in Fig. 5. The 
preserved oil volume flow varied between 100 l/min (0.04 m/ 
s) and 180 l/min (0.07 m/s). The preserved air volume flow 
varied between 0.1 l/min (0.005 m/s) and 0.4 l/min (0.021 m/s).

The tests carried out produced average air contents between 
0.2% and 2.2%, see Fig. 6 left, and average gas bubble diameters 
between 170 µm and 200 µm, see Fig. 6 right. With an increasing 
air flow rate, an increase in the percentage air content can be 
observed at a constant oil flow rate, see Fig. 6 left. By increasing 
the oil flow rate pumped, a decreasing gas bubble size in the 
system can be observed from an oil flow rate of 140 l/min. To 
enable calculation of the percentage air content and the 
average gas bubble diameter, the factors Cn, BVi and A shown 
can be determined as a function of the measurement results.

Table 2 – Characteristic parameters of the phases used. 

density 

°C15 in kgm 3

dyn. viscosity °dyn15

in kgm s1 1

kin. viscosity °kin15 in  

kgs 2

oil 870 0.072 83.04·10−6

air 1.225 1.84·10−5 1.53·10−5

All the tests and calculations presented in this paper are carried 
out with an oil temperature of 40 °C.

Fig. 5 – Measured and evaluated data by the evaluation 
algorithm of the Smart Bubble System.
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4. Adaptation of the physical models

To define the scope of the physical model, the previously 
presented dimensionless factors Cn, BVi and A can be itera
tively adapted to the generated measurement results. 
Following this, characteristic diagrams can be developed 
from the factors, which describe the instantaneous value of 
the respective factor as a function of the process parameters 
oil flow rate and air flow rate. In the following, two different 
methods, creation of polynomials and interpolation, are 
compared.

4.1. Polynomial approximation

An iterative adjustment of the factors Cn, BVi and A, was 
performed using the Response Optimizer Toolbox from 
Matlab. The factors are adjusted to the generated mea
surement results at a maximum deviation of 2% on the 

target percentage air content and mean gas bubble dia
meter. The calculated results with an exact adjustment of 
the factors by the polynomial approximation are shown in 
Fig. 7 and Fig. 8 with unfilled symbols the measurements 
with filled symbols.

Fig. 7 compares the results of the measurement of the 
mean gas bubble diameter on the test rig with the generated 
calculated results. As an input condition for the optimization 
of the dimensionless factors Cn, BVi and A a maximum de
viation of 1.5% is specified. The average deviation between 
the measurements and the calculated results is 1.3%, with 
the maximum deviation occurring at 1.5% for an air flow rate 

of =V 0.1d
l

min
and an oil flow rate of =V 180k

l
min

.
Fig. 8 compares the average air content evaluated during 

the measurements with the calculated results. The average 
deviation between the measurements and the calculated 
results is 0.1%, with a maximum deviation of 0.2% for an air 

flow rate of =V 0.1d
l

min
and an oil flow rate of =V 100k

l
min

.

Fig. 6 – representation of the tests carried out on the test rig. 

Fig. 7 – comparison of the measurement results and the calculated results of the average gas bubble diameter after exact 
adjustment of the factors Cn, BVi, and A.
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In the calculations performed, values for the factors Cn, 
BVi und A are iteratively determined.

Values between 0.01293 and 0.04027 were determined for 
Cn. The values determined for Cn are listed in Table 3.

Values between 0.0001 and 12 were determined for BVi. 
Between an air flow rate of 0.2 l/min and 0.3 l/min, a local 
minimum occurs. The iteratively determined values for BVi

are listed in Table 4.
In addition to the factors Cn und BVi the values for factor A

were also determined. These are listed in Table 5. For factor 
A values between 0.03382 and 0.1105 were determined. 
These lie between the values given in the literature for the 
Stokes drag coefficient for small single bubbles according to 
Koebe, Peebles et al. and Clift et al (Clift et al., 1978; Koebe, 
2004; Peebles and Garber, 1953).

In order to adapt the factors Cn, BVi and A a mathematical 
model is adapted.

Different curve fitting methods were performed including 
a polynomial fit and a interpolation method to specify the 
dimensionless factors Cn, BVi and A. In the following those 
methods are shown.

For verification purposes, the results are compared with 
verification tests.

4.2. Curvefitting

The first method to adjust the dimensionless factors as 
needed is by designing polynomials. The dimensionless 
factors Cn, BVi and Aare converted into second- and third- 
degree polynomials, depending on their gradient behaviour. 
The definition range of the generated polynomials is defined 

here for an oil volume flow between V100 180k
l

min
l

min
and 

for the air volume flow V0.1 0.4d
l

min
l

min
. In the calculation, 

the oil and air volume flow is normalized by

=V
V 0.25
0.1155

x
d

(26) 

and

=V
V 145

30.55
.y

k

(27) 

A third-degree polynomial can be determined for the 
factor Cn as a function of the oil and air volume flow. The 
polynomial for the factor Cn is calculated by

= +

+ + + +

+

Cn V V V V

V V V V V V

V V V

( ) 27.34 10 9.695 10 11.04 10 6.06 10

0.73 10 2.815 10 6.143 10 0.42

0.2049 10 4.057 10

x y x y x

x y y x x y

x y y

,
3 3 3 3 2

3 5 2 3 3 2

3 2 3 3 (28) 

where BVi follows as a third degree polynomial as,

Fig. 8 – comparison of the measurement results and the calculated results of the average air content after exact adjustment 
of the factors Cn, BVi and A.

Table 3 – iteratively determined values for the factor Cn. 

air volume flow

0.1l/min 0.2l/min 0.3l/min 0.4l/min

oil 
volume flow

100l/min 0.02649 0.04027 0.03048 0.02470

140l/min 0.01698 0.03447 0.02304 0.01935

160l/min 0.01372 0.02129 0.02083 0.01452

180l/min 0.01293 0.02807 0.01949 0.01653

Table 4 – iteratively determined values for the factor BVi. 

air volume flow

0.1l/min 0.2l/min 0.3l/min 0.4l/min

oil 
volume flow

100l/min 12.00000 0.22520 0.16340 0.24010

140l/min 7.50900 0.19340 0.11830 0.19990

160l/min 7.69200 0.67390 0.11840 0.51860

180l/min 5.26000 0.12620 0.00010 0.01415
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=

+

BV V V V V V

V V V V V V V

( ) 0.3043 0.2474 0.1445 2.651 0.7601

0.01021 1.862 0.8113 0.1435

i x y x y x x

y y x x y x y

,
2

2 3 2 2

(29) 

and the factor A as a third degree polynomial by,

= + + +

+ + +

+

A V V V V

V V V V

V V V

( ) 0.05391 0.01711 0.2606 10 4.76 10

0.5724 10 5.47 10 1.295 10

3.672 10 1.025 10 .

x y x y x

x y y x

x y y

,
3 3 2

3 3 2 3 3

3 2 3 3
(30) 

By transferring the dimensionless factors Cn, BVi and A to 
the physical model, the models can be compared with the 
tests carried out on the test rig. A comparison between 
measurements and calculations is shown in Fig. 9 and Fig. 10.

Fig. 9 compares the results of the physical model with the 
measurements of the mean air content. In this case, the 
physical model calculates the dimensionless factors Cn, BVi

and A by Eqs. (26) to (30) shown previously as a function of 
the process factors Vd and Vk. The top left shows the results 

with an air flow rate of =V 0.1d
l

min
, the top right shows the 

results with an air flow rate of =V 0.2d
l

min
, the bottom left 

shows the results with an air flow rate of =V 0.3d
l

min
, and the 

bottom right shows the results with an air flow rate of 

=V 0.4d
l

min
. In each of the four diagrams, the measurements 

on the test bench are shown with filled symbols the results of 
the physical model are shown with the not filled symbols.

The average deviation between the calculated results and 
the measurements is 0.17%. The largest deviation between 
calculations and measurement occurs for an air volume flow 

of =V 0.3d
l

min
and an oil volume flow of =V 100k

l
min

. Here, the 
maximum deviation between measurement and calculated 
result is 0.63%, see Fig. 8 bottom left.

Fig. 10 shows a comparison of the results of the mean gas 
bubble diameters generated on the test rig with the calcula
tions of the physical model. Analogous to Fig. 9, the physical 
model calculates the dimensionless factors Cn, BVi and A
from Eqs. (26) to (30). The representation as well as the ar
rangement is carried out analogously to Fig. 9.

A mean deviation of 2.3% with a maximum deviation of 
11.3% occurs between all measurements and calculated re
sults shown in Fig. 10. The maximum deviation occurs for an 

air volume flow of =V 0.3d
l

min
and an oil volume flow of 

=V 100k
l

min
, see Fig. 10 bottom left.

The second adaption method for the dimensionless fac
tors Cn BV, i and A is a interpolation between iteratively de
termined values. In the following the mean and maximum 
deviation between the measurements and the physical 
model are investigated.

Table 5 – iteratively determined values for the stokes resistance coefficient A. 

air volume flow

0.1l/min 0.2l/min 0.3l/min 0.4l/min

oil volume flow 100l/min 0.051320 0.051560 0.073230 0.110500

140l/min 0.033820 0.051750 0.066130 0.084440

160l/min 0.036170 0.046100 0.063310 0.087420

180l/min 0.034390 0.055070 0.069060 0.095270

Fig. 9 – illustration of the created measurements of the average air content on the test rig and the physical model adjusted by 
polynomials.
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Fig. 11 and Fig. 12 show the measurement and the cal
culated results by an interpolation dimensionless factors 
Cn BV, i and A from Table 3–5. The representation of the 
symbols as well as the arrangement of the diagrams is per
formed analogously to Fig. 9. Fig. 11 shows the comparison of 
the average air content between the measurements and the 
physical model. Over all measurement points in Fig. 11, an 
average deviation of 0.02% and a maximum deviation of 0.1% 
between the calculated result and the measurement results.

Fig. 12 shows a comparison between the measurement 
results of the mean gas bubble diameters on the test rig and 
the physical model. Over all measurements, the average 
deviation is 0.9%, with a maximum deviation of 1.5%.

Further, the intermediate process points are examined to 
investigate whether there is a physical relationship between 
the dimensionless factors Cn BV, i and A. If the maps gener
ated here can be determined both by an interpolation and by 
the polynomials set up at the intermediate process points in 

Fig. 10 – presentation of the created measurements of the average gas bubble diameters on the test rig and the physical 
model adjusted by polynomials.

Fig. 11 – presentation of the created measurements of the average air content on the test rig and the physical model adjusted 
by interpolation.
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such a way that small deviations arise between the mea
surements performed and the physical model, this metho
dology can be considered to achieve the desired results. The 
results of this investigation are listed below.

5. Results

As shown in Fig. 9 to Fig. 12, a correlation between the 
measurements and the physical model is recognized. For the 
calculation of the average air content, by fitting the di
mensionless factors by polynomials, maximum deviations of 
0.6% arise from the measurements performed, see Fig. 9. For 
an interpolation between the dimensionless factors, between 
the calculations and the measurements of the percent air 
content, a mean deviation of 0.02% arises, see Fig. 11. Be
tween the measurement and the calculation of the mean gas 
bubble diameters, by a polynomial fitting of the dimension
less factors, a maximum deviation of 11.5% arises, see Fig. 10
bottom left. For an interpolation between the dimensionless 
factors, a maximum deviation of 1.5% arises between the 
measurements and the calculations of the introduced mean 
gas bubble diameters, see Fig. 11.

In addition, the determined characteristic maps of the 
dimensionless factors Cn BV, i and A are used to calculate the 
intermediate process points for model validation, which is a 
common procedure for model validation (Bäßler et al., 2022a, 
2022b). The results are shown in Fig. 13 and Fig. 14.

Fig. 13 shows the measurements of the average air con
tent on the test rig and the calculation results generated with 
the physical model at the intermediate process points. The 
measurements are shown with filled symbols, the calculated 
results by interpolations with unfilled symbols and the cal
culated results by polynomials with unfilled and crossed-out 

symbols. The diagrams with respect to the constant air flow 
rate are arranged as in Fig. 9 to Fig. 12.

For the measurement points of the mean air content, the 
polynomials show mean deviations of 0.15% between the 
measurements and the calculated results. For an interpola
tion between the intermediate points of the iteratively de
termined maps, a mean deviation of 0.02% arises.

Fig. 14 shows a comparison between the measurements of 
the mean gas bubble diameter made on the test rig and the 
results calculated with the different physical models. The 
data points are labelled in the same way as in Fig. 13.

For an adjustment of the factors Cn, BVi and A by poly
nomials, average deviations of 1.9% arise between the mea
surements and the results of the physical model. The 
maximum deviation between the measurements performed 
and the results of the physical modelling is 5.6%. The max

imum deviation occurs for an air flow rate of =V 0,4d
l

min
and 

an oil flow rate of =V 120k
l

min
, see Fig. 14, bottom right.

For the factor adjustment performed with an interpola
tion, an average deviation of 1.2% occurs, with the maximum 
deviation between measurement and physical model being 
2.2%. The maximum deviation between measurement and 

calculation occurs for an air flow rate of =V 0,1d
l

min
and an oil 

flow rate of =V 120k
l

min
, see Fig. 14 top left.

The intermediate points shown were verified by means of 
measurements carried out on the test rig. The measurements 
were carried out analogously to the previously presented 
measurements. Table 6.

A summary of all results obtained during the investiga
tion is given in Table 3. It compares the average and max
imum deviation of the results calculated by interpolation and 
polynomial fitting from the measurements on the test rig.

Fig. 12 – representation of the created measurements of the average gas bubble diameters on the test rig and the physical 
model adjusted by interpolation.
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Fig. 13 – presentation of the created measurements of the average air content at the test rig and the physical model created 
by interpolation as well as by polynomial fitting at the intermediate process points.

Fig. 14 – representation of the created measurements of the average gas bubble diameters at the test rig and the physical 
model created by interpolation as well as by polynomial fitting at the intermediate process points.

Table 6 – summary of all the results obtained during the tests carried out. 

interpolation interpolation intermed. points polynomials polynomials intermed. points

avg.% avg. avg.% avg. avg.% avg. avg.% avg.

avg. dev. in % 0.02 0.9 0.02 1.2 0.2 2.3 0.2 1.9
max. dev. in % 0.1 1.5 0.07 2.2 0.6 11.3 0.4 5.6
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6. Conclusion

In the presented work, two different methods of a map de
termination and implementation for the formation of a 
physical model of a dispersion spectrum are compared with 
each other. The calculations are benchmarked against mea
surement. The dispersion spectrum in the performed work is 
given by the percentage air content and the mean gas bubble 
diameter. In the calculations performed by the physical 
model, a specific determination of the characteristic diagram 
enables a calculation of the dispersion spectrum for con
siderably larger flow velocity ranges than is possible so far 
according to the current state of the technology.

The characteristic diagram is implemented in a physical 
model by employing two different methods. An interpolation 
method and a polynomial fit of individual physical factors on 
the basis of process corner points.

The model calculations highlight the benefit of the pro
posed method. On the one hand, it enables a targeted design 
of dispersion processes, whereby iterative design loops can 
be reduced. On the other hand, a desired disperison spec
trum can be easily changed by adjusting the process factors, 
which was not possible with the prior art.

The validity of the presented model can be related to the 
range of tests performed and presented. How far the validity 
of the model can be extended must be checked by further 
investigations. These include different geometries, media 
combinations, arrangements and temperature es.
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